Abstract. The spacetime geometry around astrophysical black holes is supposed to be well approximated by the Kerr metric, but deviations from the Kerr solution are predicted in a number of scenarios involving new physics. Broad iron Kα lines are commonly observed in the X-ray spectrum of black holes and originate by X-ray fluorescence of the inner accretion disk. The profile of the iron line is sensitively affected by the spacetime geometry in the strong gravity region and can be used to test the Kerr black hole hypothesis. In this paper, we extend previous work in the literature. In particular: i) as test-metric, we employ the parametrization recently proposed by Konoplya, Rezzolla, and Zhidenko, which has a number of subtle advantages with respect to the existing approaches; ii) we perform simulations with specific X-ray missions, and we consider NuSTAR as a prototype of current observational facilities and eXTP as an example of the next generation of X-ray observatories. We find a significant difference between the constraining power of NuSTAR and eXTP. With NuSTAR, it is difficult or impossible to constrain deviations from the Kerr metric. With eXTP, in most cases we can obtain quite stringent constraints (modulo we have the correct astrophysical model).
Introduction
In 4-dimensional general relativity, uncharged black holes are described by the Kerr solution and are completely specified by only two parameters, associated with the mass M and the spin angular momentum J of the compact object [1] [2] [3] . There are some assumptions behind this statement. The spacetime must be stationary and asymptotically flat. The exterior is empty (vacuum) and regular (no singularities or closed time-like curves). For a review, see e.g. Ref. [4] .
It is remarkable that the spacetime around astrophysical black holes should be well approximated by the Kerr solution. Initial deviations from the Kerr metric are quickly radiated away with the emission of gravitational waves [5] . The equilibrium electric charge is reached very quickly because of the highly ionized host environment of this objects and its impact is completely negligible in the spacetime metric [6] . Accretion disks have a low density and their mass is typically many orders of magnitude smaller than the black hole, so their presence cannot appreciably change the background metric [7, 8] . In the end, deviations from the Kerr metric can only be expected in the presence of new physics.
Tests of the Kerr metric are motivated by a number of theoretical models. Non-Kerr black hole solutions typically show up in extensions of general relativity [9] [10] [11] [12] . "Hairy" black holes are possible in Einstein's gravity in the presence of exotic matter [13] [14] [15] [16] . Macroscopic deviations from the Kerr metric may also be generated by quantum gravity effects [17] [18] [19] In the past few years, there have been significant efforts to study how to test the Kerr black hole hypothesis with electromagnetic radiation [20, 21] and gravitational waves [22] . In the case of the electromagnetic approach, the two leading techniques to probe the nature of astrophysical black holes are the analysis of the thermal spectrum (continuum-fitting method) [23, 24] and the analysis of the reflection spectrum (iron line method) [25, 26] . Both the techniques were originally proposed, and later developed, to measure black hole spins under the assumption of the Kerr metric and more recently have been studied to test the Kerr black hole hypothesis [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . In the presence of high quality data and with the correct astrophysical model, the iron line method is a more power tool than the continuum-fitting method and can potentially provide superb constraints on possible deviations from the Kerr solution [42] [43] [44] [45] .
Current efforts aiming at inferring model-independent constraints on possible deviations from the Kerr metric with electromagnetic radiation follow the spirit of the parametrized Post-Newtonian (PPN) approach [46] , commonly employed in Solar System tests. In the PPN case, one wants to test the Schwarzschild solution in the weak field limit and adopts the most general static and spherically symmetric line element based on an expansion in M/r. The value of the coefficients in front of the expansion parameter has to be measured by observations, and one can check a posteriori whether they match with those expected for the Schwarzschild metric. In the case of tests of the Kerr metric in the strong gravity region, there are a number of complications, because it is not possible to perform an expansion in M/r and there is currently no satisfactory formalism to test astrophysical black hole in a model independent way. There are several proposals in the literature [47] [48] [49] [50] [51] [52] [53] , each of them with its advantages and disadvantages, and the search for a more suitable metric is still a work in progress.
In this paper, we continue our study to use the iron line method to test the Kerr black hole hypothesis. As test-metric, we employ for the first time the Konoplya-Rezzolla-Zhidenko (KRZ) parametrization, which has been recently proposed in Ref. [54] and has a number of subtle advantages with respect to the other test-metrics currently considered in the literature. We simulate observations with NuSTAR 1 , as an example of a current X-ray mission, and eXTP 2 , to illustrate the constraining power of the next generation of observational facilities. We treat the simulated observations as real data and we use XSPEC 3 to analyze the iron Kα line and constrain the KRZ deformation parameters.
Our simulations clearly show a significant difference between NuSTAR and eXTP. We find that it is difficult or impossible to constrain the KRZ deformation parameters with NuSTAR. Large deviations from the Kerr solutions cannot be ruled out, and this is basically true for all the parameters. On the contrary, the constraints inferred from the simulated observations with eXTP are surprisingly strong for all the KRZ deformation parameters except one (δ 6 ). The difference in the results is due to the unprecedented large effective area of the LAD instrument on board of eXTP. However, such precise measurements of the deformation parameters inevitably require sophisticated astrophysical models to properly describe the reflection spectrum. At the moment there is not a common consensus on the actual possibility of having all systematics under control to reach such a level of precision in the measurements.
The paper is organized as follows. In Section 2, we review the KRZ parametrization. In Section 3, we briefly discuss the physics of the broad iron lines observed in the reflection spectrum of astrophysical black holes, we provide a short description of our code, and we compute the shape of the iron line in the presence of non-vanishing KRZ deformation parameters. In Section 4, we simulate observations with NuSTAR and eXTP, and we analyze the data with XSPEC to constrain the KRZ deformation parameters. Section 5 provides a summary of this work and remarks our main results. Throughout the paper, we employ natural units in which G N = c = 1 and the convention of a metric with signature (− + ++).
Konoplya-Rezzolla-Zhidenko parametrization
In order to test the nature of astrophysical black holes, we could consider some alternative theory of gravity, find its black hole solutions, and then check whether observations prefer the hypothesis that a certain object is a Kerr black hole of general relativity or a black hole of the alternative theory of gravity. Such an approach meets two problems. First, it is usually difficult to obtain exact rotating black hole solutions in alternative theories of gravity: the spin plays an important rule and it is not very useful to have the non-rotating solution. Second, there are many alternative theories of gravity, no theory seems to be much more motivated than the others, and we may also expect that they are all toy models. If general relativity is not the correct theory to describe black holes, it is possible that we do not have the correct theory at the moment. These considerations have led many authors to employ parametrized metrics. With such approach, one considers a metric in which deviations from the Kerr solutions are quantified by a number of parameters and tries to measure the values of these parameters to check whether observations require that their value is the one expected in the Kerr metric.
Even the parametrized approach meets some difficulties. There are now several proposal in the literature [47] [48] [49] [50] [51] [52] [53] , each of them with its advantages and disadvantages. Recently, Konoplya, Rezzolla, and Zhidenko have proposed a new parametrization in Ref. [54] . Such a proposal tries to address the following issues (see Ref. [54] for more details):
1. Many parametrizations are based on an expansion in M/r. If we want to test the strong gravity region near the black hole horizon, where M/r is not a small quantity, we have an infinite number of roughly equally important parameters, which makes it impossible to isolate the dominant terms and focus the efforts on the measurement of a small number of parameters.
2. One would like to have a so general parametrization that it is possible to recover any black hole solution in any (known and unknown) alternative theories of gravity for specific values of its free parameters. While it is difficult to assert how general a parametrization can be, several proposals in the literature fail to recover the known black hole solutions in alternative theories of gravity.
3. Astrophysical black holes may have a non-negligible spin angular momentum, which plays an important rule in the features of the electromagnetic spectrum associated to the strong gravity region and therefore the spin cannot be ignored in any test of the Kerr metric. The Newman-Janis algorithm is a simple trick to obtain a rotating black hole solution from the non-rotating one. However, it is not guaranteed that such an algorithm works beyond general relativity. In the literature there are some examples in which the algorithm works [55] [56] [57] , as well examples in which it fails [58] . It is thus unclear whether a parametrization based on the Newman-Janis algorithm can be employed to test astrophysical black holes.
The KRZ metric addresses the three issues above in the following way. First, it is not based on an expansion in M/r. There is a hierarchical structure in the deviations from the Kerr spacetime, so that higher order terms necessarily provide smaller and smaller corrections. Second, the authors explicitly show that their proposal can well approximate with a few parameters the metrics of rotating dilaton black holes and of rotating black holes in Einstein-dilaton-Gauss-Bonner gravity. For example, this is not possible with the very successful metric proposed in [49] , which has been extensively studied in the literature. Third, the KRZ metric is not obtained from the Newman-Janis algorithm, because the initial ansatz is already suitable to describe rotating black holes. While the KRZ metric seems to be at first more complicated than previous proposals, it has some nice properties and is worth studying its applicability to test astrophysical black holes from observations of their electromagnetic spectrum.
Assuming reflection symmetry across the equatorial plane and neglecting coefficients of higher orders, the line element of the KRZ metric reads [54] 
where 
For our purpose, it is convenient to introduce six deformation parameters {δ j } (j = 1, 2, ...6), which are related to the coefficient r 0 , a 20 , a 21 , ǫ 0 , k 00 , k 21 , and w 00 appearing in the KRZ metric by the following relations
Here the mass is M = 1 and a * is the spin parameter. r 0 is the radial coordinate in the equatorial plane of the event horizon. The physical interpretation of the deformation parameters can be summarized as follows (see Ref. [54] for more details):
δ 2 , δ 3 → related to rotational deformations of the metric, δ 4 , δ 5 → related to deformations of g rr , δ 6 → related to deformations of the event horizon.
With our choice, the mass-quadrupole moment is the same as in the Kerr metric, and deviations from the Kerr solution are only possible in the strong gravity region.
X-ray reflection spectroscopy
Within the disk-corona model [59, 60] , a black hole is surrounded by a geometrically thin and optically thick accretion disk, which radiates as a blackbody locally and a multi-color blackbody when integrated radially. The corona is a hot (k B T ∼ 100 keV), usually optically thin, electron cloud enshrouding the disk. Due to the inverse Compton scattering of the thermal photons from the disk off the high energy electrons in the corona, the latter acts as an X-ray source and has a power-law spectrum. A fraction of these X-ray photons illuminates the disk, producing a reflection component with some fluorescence emission lines, the most prominent of which is usually the iron Kα line [61] . The iron Kα line is intrinsically narrow. It is peaked at 6.4 keV in the case of neutral iron and shifts up to 6.97 keV in the case of H-like iron ions. The line observed in the reflection spectrum of black holes can instead be very broad, as a consequence of special and general relativistic effects (Doppler boosting, gravitational redshift, light bending) occurring in the strong gravity region around the compact object. In the present of high quality data and the correct astrophysical model, the analysis of the iron Kα line can be used to measure the black hole spin (if we assume the Kerr metric) or even probe the spacetime geometry around the compact object. Actually one has to fit the whole reflection spectrum, not only the iron line, but most of the information on the spacetime metric is encoded in the iron line. For this reason the technique is often called iron line method and in this explorative work we restrict our attention to the iron Kα line only.
For the calculation of the iron line, we use the code described in Refs. [32, 33] with the KRZ metric reviewed in the previous section. Here we briefly summarize the calculation procedure of our code, and we refer the reader to Refs. [32, 33] for more details. The photon flux in the flat region (in, e.g., units of photons/s/cm 2 /keV) can be written as
where I obs and E obs are, respectively, the specific intensity of the radiation and the photon energy at infinity. dΩ is the infinitesimal solid angle subtended by the image of the disk in the observer's sky. I e and E e are, respectively, the specific intensity of the radiation and the photon energy in the rest frame of the gas. g = E obs /E e is the redshift factor and I obs = g 3 I e follows from Liouville's theorem. The image plane of the distant observer is divided into a number of small elements. For each element, we consider a photon with momentum perpendicular to the image plane and we compute backwards in time the photon trajectory from the point of detection in the image plane to the point of emission in the disk. In this way, we reconstruct the apparent image of the disk in the observer's sky. Each point of the apparent image of the disk is characterized by its redshift factor g, which depends on the point of emission in the disk and the photon constants of motion
Here Ω is the Keplerian angular momentum of the gas in the disk and λ = k φ /k t is a constant of motion along the photon trajectory, where k φ and k t are, respectively, the φ and t components of the photon 4-momentum. After the calculation of all the photon trajectories, we perform the integral in Eq. (3.1) and we obtain the spectrum of the line. For the disk, we employ the Novikov-Thorne model [62] , which is the standard framework for the description of geometrically thin and optically thick disks. The disk is in the equatorial plane perpendicular to the black hole spin. The particles of the gas follow nearly geodesic circular orbits. The inner edge of the disk is at the radius of the innermost stable circular orbit, r in = r ISCO . The outer radius is expected at some very large radius, where the emission of the reflection component becomes negligible. In the present paper, we set r out = r ISCO + 250 M , which is large enough that its exact value is not very important. For the validity of the Novikov-Thorne model, see e.g. [21] and reference therein.
The shape of the iron line does depend on the background metric (spin parameter a * and possible non-vanishing deformation parameters), the inclination angle of the disk with respect to the line of sight of the observer (i), and the intensity profile. For the sake of simplicity, here we assume I e ∝ 1/r 3 e , where r e is the radial coordinate of the emission point. Such a choice of the intensity profile corresponds to that expected at large radii in the Newtonian limit (no light bending) within the lamppost corona geometry.
The iron lines generated by our code for the KRZ metric are shown in Fig. 1 . In these plots, we have considered the spin parameter a * = 0.7 and inclination angle i = 45 • . In each plot, one of the KRZ deformation parameters is allowed to vary while the other five are set to zero. The red solid line representing the Kerr case is the same in all panels. From this panels, it is clear that δ 1 and δ 2 have a strong impact on the iron line, δ 3 , δ 4 , and δ 5 have a moderate effect, while δ 6 has no or very weak impact on the shape of the iron line.
Simulations
The aim of this section is to study how present and future observations can constrain the values of the KRZ deformation parameters and thus test the Kerr black hole hypothesis. For this purpose, we do not consider a specific source, but we simply employ the typical parameters for a bright black hole binary, which is the best source for this kind of measurements.
As an explorative study, we adopt a simple model with a single iron Kα line added to the power-law continuum. The power-law continuum, representing the spectrum from the hot corona, is generated with the photon index Γ = 2. The iron line used in the simulations is generated by our code assuming the Kerr metric (δ j = 0 for all j) with the spin parameter a * = 0.7 and the inclination angle i = 45 • . The emissivity index is 3, namely the intensity profile scales as 1/r 3 e . The energy flux of the source is 6 · 10 −9 ergs/s/cm 2 in the range 1-9 keV, and the equivalent width of the iron line is 230 eV.
As an example of a current X-ray mission, we consider NuSTAR. Its effective area at 6 keV is about 800 cm 2 and, more importantly, its instrument does not have the problem of pile-up, so it is particularly suitable for the study of bright black hole binaries. The energy resolution at 6 keV is about 400 eV. For the next generation of X-ray observatories, we consider eXTP, which is a China-Europe project currently scheduled to be launched in 2022. Among the expected four instruments on board of eXTP, we only consider LAD, which is the most suitable for the study of bright sources. It has an unprecedented effective area of more than 30,000 cm 2 at 6 keV [63] , which is clearly a significant advantage with respect to current X-ray missions for testing the Kerr metric. The energy resolution at 6 keV is expected to be better than 200 eV. For both NuSTAR and LAD/eXTP, we simulate observations assuming the exposure time τ = 100 ks. The photon count in the 1-9 keV range turns out to be N ph ∼ 10 7 for NuSTAR, and N ph ∼ 10 9 for LAD/eXTP. This will clearly make a difference in the final result.
The simulated observations are treated as real data and fitted with the model
where KRZ is a table model made by ourselves using XSPEC. It gives the iron line in the KRZ metric calculated by our own code, considering different spins, inclination angles, and deformation parameters. As a preliminary study, we only consider one non-vanishing deformation Figure 1 . Impact of KRZ deformation parameters on the profile of the iron line. In each panel, one of the deformation parameters is allowed to vary while the others are set to zero. In all plots, the spin parameter is a * = 0.7 and the inclination angle is i = 45
• .
parameter at each time and set the others to zero. In our fits, we have six free parameters: the photon index of the power-law continuum Γ, the normalization of the continuum, the spin a * , the inclination angle i, one of the six deformation parameters δ j , and the normalization of the iron line. Our results are summarized in Figs. 2-7 , which show the contour levels of χ 2 in the plane spin parameter vs deformation parameter. The constraints on the deformation parameter δ 1 are shown in Fig. 2 , where the left panel refers to those with NuSTAR and the right panel to the constraints with LAD/eXTP. In • . It is compared with the predictions for spacetimes with non-vanishing deformation parameter δ 1 . The red, green, and blue curves indicate, respectively, the 1-, 2-, and 3-σ confidence level limits. See the text for more details.
the case of the NuSTAR observation, there is clearly a quite pronounced correlation between the estimate of the values of the spin and of the deformation parameter. The much higher photon count number in the LAD/eXTP measurement permits to break such a degeneracy and the constraints on both parameters look impressive. Fig. 3 shows the contour levels of χ 2 for the deformation parameter δ 2 . Here we have a very strong correlation between the estimate of the spin and possible deviations from the Kerr solution. In the case of NUSTAR, the spin is almost unconstrained if we permit nonvanishing values of δ 2 . In the case of LAD/eXTP, the extended valley in the contour levels of χ 2 shrinks to several small islands corresponding to several local minima of χ 2 .
The constraints on the deformation parameters δ 3 , δ 4 , and δ 5 are illustrated in Figs. 4-6. These three parameters mainly influence the profile of the iron line, while they do not alter very much the low energy tail of the line. For this reason, the correlation between the estimate of the spin and of the deformation parameter is only moderate. With NuSTAR, it is impossible to get a constraint on these deformation parameters, which can be either larger than 1 or smaller than −1. In the case of LAD/eXTP, thanks to its superb effective area, all these parameters can be constrained quite well, with very stringent bound for δ 5 and weaker bounds for δ 3 .
The constraints on the deformation parameter δ 6 are shown in Fig. 7 . Such a deformation parameter is very elusive, as it was already clear from Fig. 1 . It does not appreciably affect the shape of the iron line, and even in the case of LAD/eXTP we do not get any meaningful bound on its value. It would be interesting to see whether such a deformation parameter could be constrained by other techniques, which are sensitive to different relativistic effects.
Summary and conclusions
The iron Kα line in the X-ray reflection spectrum of astrophysical black holes is generated from the inner part of the accretion disk and may be a powerful tool to probe the strong Fig. 2 for the deformation parameter δ 3 . The red, green, and blue curves indicate, respectively, the 1-, 2-, and 3-σ confidence level limits. See the text for more details. gravity region. In this paper, we have extended previous work in order to use this technique to test the Kerr black hole hypothesis. We have employed the parametrization recently proposed by Konoplya, Rezzolla, and Zhidenko in Ref. [54] , which has some subtle advantages with respect to the existing parametrizations commonly used in this research field. We have simulated observations for a generic black hole binary, which is a more suitable source than an AGN for testing the Kerr metric. We have considered two sets of simulations: one to illustrate the capability of current X-ray missions, the other one to figure out that offered by the next generation of X-ray observatories. For the first set of observations, we have chosen NuSTAR, which has a larger effective area than other current X-ray missions at 6 keV and does not have the problem of pile-up in the case of bright black hole binaries. As a future observational facility, we have considered eXTP, which is a China-Europe project and is currently scheduled to be launched in 2022.
Our results are shown in Figs. 2-7 . The constraining power between NuSTAR and eXTP is impressive. In the case of NuSTAR, it is impossible to constrain any deformation parameter of the KRZ metric. Large deviations for the Kerr solution cannot be ruled out. In the case of eXTP, for the same source and the same exposure time we find very stringent constraints on almost every deformation parameter. The exception is δ 6 , which does not seem to produce any appreciable effect on the iron line shape. It would be interesting to see if other observations, sensitive to different relativistic effects, can constrain δ 6 or if such a deformation parameter remains elusive and it is difficult to measure. For the other five deformation parameters of the KRZ metric, we find that it is possible to constrain the deformation parameter at the level of 0.1 with the parameters chosen in our simulations (energy flux around 10 −9 erg/s/cm 2 in the 1-9 keV range, iron line equivalent width around 200 eV, and exposure time of 100 ks).
The difference between NuSTAR and eXTP is mainly due to the very large effective area of the LAD instrument. The effective area of NuSTAR at 6 keV is about 800 cm 2 , while LAD has an effective area at 6 keV of more than 30,000 cm 2 . Actually the constraints found with LAD/eXTP are so stringent that systematics effects may be dominant. For this purpose, it will be very important to fit the future X-ray data with sophisticated theoretical Fig. 2 for the deformation parameter δ 6 . The red, green, and blue curves indicate, respectively, the 1-, 2-, and 3-σ confidence level limits. See the text for more details. models. Current uncertainties, in particular concerning the behavior of the emissivity profile, may prevent or limit the possibility of performing accurate tests of the Kerr metric.
In our analysis, we have considered several simplifications, which should be removed in future work and when we will analyze real data. In particular, the X-ray spectrum has been modeled by a simple power law and an iron line. While the iron line is the most informative feature for the metric in the strong gravity region, one has to fit the whole reflection spectrum. The version of the code used in this work is also not suitable to scan a model with several free parameters, and this strongly limits the ability to fit real data. In a future paper, we plan to adopt the strategy discussed in Ref. [64] and eventually obtain the extension of the relativistic reflection model RELXILL with the KRZ proposal as background metric.
